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RANDOM ITERATED FUNCTION SYSTEMS WITH
SMOOTH INVARIANT DENSITIES
TOMAS PERSSON
Abstrat. We onsider some random iterated funtion systems on the
interval and show that the invariant measure has density in C
∞
. To
prove this we use some tehniques for ontrations in one metris, ap-
plied to the transfer operator.
1. Introdution
Let {f1, . . . , fn} be an iterated funtion system on an interval I, and as-
sume that at eah iterate we hoose a map aording to the probability vetor
(p1, p2, . . . , pn). We restrit to the ase when all the maps are ontrating.
By [3℄ there is then a unique invariant probability measure. In the ase when
the images fi(I) have non empty intersetion, it is often hard to determine
the nature of the invariant measure.
For example, the invariant measure of the random iterated funtion system
{f−1, f1}, with fi(x) = λx+ i(1 − λ), I = [−1, 1] and λ ∈ (1/2, 1) is known
to have an invariant measure that is absolutely ontinuous with respet to
Lebesgue measure for almost all λ ∈ (1/2, 1), see [7℄. The method used to
prove this and similar results for almost all parameters is usually referred to
as transversality. Only for a few spei values of λ is it known whether
the invariant measure is absolutely ontinuous oh singular with respet to
Lebesgue measure, see for instane [4℄ and [5℄.
One way to get results for a spei parameter is to hange the problem
and instead onsider the iterated funtion system with some random pertur-
bation, see for instane [6℄ and [1℄. It is then possible to apply the method of
transversality to prove that the invariant measure is absolutely ontinuous
with respet to Lebesgue measure, provided that some onditions are satis-
ed. In fat more is proved. The onditional measures onditioned on the
random perturbations have density in L2, [6℄.
It is sometimes laimed that transversality is essentially the only known
method to obtain the results desribed above, [6℄. In this paper we use an
other method, originating from [9℄, to show that a random iterated funtion
system, onsisting of ane maps with some small random perturbation, has
an invariant measure whih is absolutely ontinuous with respet to Lebesgue
measure, and that the density is innitely many times dierentiable. Hene,
this paper has two purposes  to strengthen previous results and to intro-
due a new method for iterated funtion systems with overlaps.
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2. A random iterated funtion system
Let I = [−1, 1]. Take ε ≥ 0 small (we will later let ε > 0). For k =
1, 2, . . . , n, we dene funtions
fk,t : x 7→ λx+ ak + bkt,
where λ, ak and bk are numbers suh that |λ| < 1, bk 6= 0 and fk,t(I) ⊂ I
for all 0 ≤ t ≤ ε.
Let (p1, p2, . . . , pn) be a probability vetor. We onsider the random iter-
ated funtion system onsisting of the maps fk,t applied at eah iterate with
probability pk and t distributed aording to a smooth funtion h, indepen-
dently of previous iterates. We thus assume that h is a non negative on [0, ε],
and that
∫ ε
0 h(x) dx = 1. If ε = 0, this should be interpreted in the natural
way.
By [3℄ there is a unique invariant measure µ of this iterated funtion
system. We are interested in the properties of this measure. Let C∞(I)
denote the set of funtions on I, dierentiable innitely many times. The
following theorem will be proved.
Theorem 1. Let µ be the invariant measure of the random iterated funtion
system {f1,t, . . . , fn,t} dened above, with orresponding probabilities 0 <
pk ≤ 1. Then µ has density φ in C∞(I), and
sup |φ(k)| ≤ λ− (k+1)(k+2)2
( n∑
i=1
pi
bi
(h(ε) + h(0) + ε sup |h′|)
)k+1
.
To prove this Theorem we will use of the method of ontrations in one
metris introdued by Liverani in [9℄. This method was further developed for
dierent hyperboli dynamial systems by Viana in [8℄. The method of this
paper is very muh inspired by [8℄. However some dierenes are present,
sine we allow the images of the dierent funtion to overlap. We use this
method to onstrut the invariant measure as a xed point of the transfer
operator. This rst part is valid for ε ≥ 0. After this we assume that ε > 0
and prove that the density of the invariant measure is smooth.
In [1℄, the author and B. Bárány studied ertain iterated funtion systems
of similar type as in this paper, with h(t) = 1/ε. It was proved that the
L2-norm of the density does not grow faster than 1/
√
ε as ε vanishes. For
this ase, the estimate in Theorem 1 provides us with supφ ≤ c/ε, where c
is some onstant. This together with
∫
I
φ(x) dx = 1 imply that the L2-norm
does not grow faster than 1/
√
ε, just as in [1℄.
3. A transfer operator
For ε > 0, we dene the transfer operator Lε assoiated to the random
iterated funtion system dened by
(1) Lεφ(y) =
n∑
i=1
pi
λ
∫ ε
0
φ ◦ f−1i,t (y)χfi,t(I)(y)h(t) dt,
where φ ◦ f−1i,t (y)χfi,t(I)(y) is dened to be zero if y 6∈ fi,t(I). For ε = 0 the
operator L0 is dened similarly, but without the integral over t.
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We also introdue the operator Uε for ε > 0, dened by
Uεψ(x) =
n∑
i=1
pi
∫ ε
0
ψ ◦ fi,t(x)h(t) dt.
Similarly as above, we an also dene the operator U0. For the proof of
Theorem 1 we will not use the operators L0 and U0. However, most of what
is done with the operators Lε and Uε is also valid for L0 and U0.
The operators Lε and Uε are related aording to the following lemma.
We introdue the symbol m to denote the normalised Lebesgue measure on
the interval I.
Lemma 1. If φ and ψ are ontinuous funtions on I, then∫
I
ψ · Lεφdm =
∫
I
Uεψ · φdm.
Lemma 1 shows that Lε is related to invariant densities of the iterated
funtion system in the following way. Suppose that we an dene a measure
µ as the weak limit of measures µn dened by∫
I
ψ dµn =
∫
I
ψ · Lnε1 dm.
Then µ(I) = 1 and µ is invariant sine
µ(I) = lim
n→∞
∫
I
1 · Lnε 1 dm = lim
n→∞
∫
I
Unε 1 dm = 1,
and for any measurable E ⊂ I
µ(E) = lim
n→∞
∫
I
χELnε 1 dm = lim
n→∞
∫
I
UεχELn−1ε 1 dm
= lim
n→∞
∫
I
n∑
i=1
pi
∫ ε
0
χ
f−1i,ε (E)
h(t) dtLn−1ε 1 dm
=
n∑
i=1
pi
∫ ε
0
µ(f−1i,t (E))h(t) dt.
Proof of Lemma 1. The lemma is a simple onsequene of the formula for
hange of variable and Fubini's theorem. Indeed,∫
I
ψ · Lεφdm =
∫
I
ψ(y)
n∑
i=1
pi
λ
∫ ε
0
φ ◦ f−1i,t (y)χfi,t(I)(y)h(t) dtdy =
=
∫ ε
0
n∑
i=1
∫
I
pi
λ
ψ(y)φ ◦ f−1i,t (y)χfi,t(I)(y)h(t) dydt =
=
∫ ε
0
n∑
i=1
∫
I
piψ ◦ fi,t(x)φ(x)h(t) dxdt =
∫
I
Uεψ · φdm.

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4. Cones and the Hilbert metri
For the theory in this setion we refer to [2℄, [8℄ and [9℄.
Let E be a vetor spae. (We will later let E be funtion spaes on I.) A
onvex one C ⊂ E is a set suh that
v1, v2 ∈ C and t1, t2 > 0 ⇒ t1v1 + t2v2 ∈ C.
Assume that (−C) ∩ C = {0}. Dene
α(v1, v2) = sup{ t > 0 : v2 − tv1 ∈ C },
β(v1, v2) = inf{ s > 0 : sv1 − v2 ∈ C }.
Let
θC(v1, v2) = log
β(v1, v2)
α(v1, v2)
.
Then θC is a metri on the quotient C/ ∼, where ∼ is the equivalent relation
v1 ∼ v2 if and only if there exists a t > 0 suh that v1 = tv2. The metri θC
is alled the projetive metri or the Hilbert metri of the one C.
We have the following remarkable theorem by G. Birkho.
Theorem 2. Let L be a linear operator and C1 and C2 two onvex ones
with (−C1) ∩ C1 = {0} and (−C2) ∩ C2 = {0}, suh that L(C1) ⊂ C2. If
D = sup{ θC2(L(v1),L(v2)) : v1, v2 ∈ C1 } is nite then
θC2(L(v1),L(v2)) ≤ tanh
(D
4
)
θC1(v1, v2)
for all v1, v2 ∈ C1.
For a proof of this theorem, see [2℄, [8℄ and/or [9℄.
We note that C/ ∼ endowed with the projetive metri need not be a om-
plete spae, so the limit limn→∞Lnv may not exist, although the sequene
(Lnv)∞n=0 is Cauhy by Theorem 2.
5. The operators Lε and Uε
We let Cn(I) be the set of n times ontinuously dierentiable funtions on
I, and Cn0 (I) be the set of funtions in Cn(I) suh that the derivative of order
k vanishes at the endpoints of I for 0 ≤ k ≤ n. One observes immediately
that for ε > 0
Lε : Cn−1(I)→ Cn0 (I), n ∈ N,
and
Uε : Cn−1(I)→ Cn(I), n ∈ N.
Moreover, if φ ∈ C10(I) and ψ ∈ C1(I) then
d
dy
Lεφ(y) = 1
λ
Lεφ′(y) and d
dx
Uεψ(x) = λUεψ′(x).
These properties will be used to prove that the invariant measure has
density in C∞. Before we do this we must rst prove that the measures µn
dened above, onverges weakly to some measure µ.
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6. Cones
We will introdue a one of densities on whih Lε operates, and onstrut
the measure µ mentioned above as a weak limit of Lnε operating on these den-
sities. This onstrutions follows very losely to the onstrution in hapter 4
of [8℄. We do however inlude all proofs for ompleteness. There are some
dierenes, in partiular in the proof of Lemma 4, due to the overlapping
images.
This rst part of the onstrution is valid also for ε = 0. After onstruting
µ as a weak limit, we restrit to the ase of positive ε and show that µ is
absolutely ontinuous with respet to Lebesgue measure, with density in C∞.
We introdue the one
D(a, γ) = { ρ ∈ C(I) : ρ > 0 and log ρ is (a, γ)-Hölder }.
That a funtion φ is (a, γ)-Hölder, means that |φ(x)− φ(y)| ≤ a|x− y|γ , for
all x and y.
Let us nd the one metri of D(a, γ). Let ρ1, ρ1 ∈ D(a, γ) and t > 0. By
ρ2 − tρ1 > 0 ⇔ t < ρ2
ρ1
,
(ρ2 − tρ1)(x)
(ρ2 − tρ1)(y) ≤ e
a|x−y|γ ⇔ t ≤ e
a|x−y|γρ2(y)− ρ2(x)
ea|x−y|γρ1(y)− ρ1(x)
and
(ρ2 − tρ1)(x)
(ρ2 − tρ1)(y) ≥ e
−a|x−y|γ ⇔ t ≤ e
a|x−y|γρ2(x)− ρ2(y)
ea|x−y|γρ1(x)− ρ1(y)
,
we get that
αD(ρ1, ρ2) = inf
x 6=y
{
ρ2(x)
ρ1(x)
,
ea|x−y|
γ
ρ2(y)− ρ2(x)
ea|x−y|γρ1(y)− ρ1(x)
}
.
Similarly we get that
βD(ρ1, ρ2) = sup
x 6=y
{
ρ2(x)
ρ1(x)
,
ea|x−y|
γ
ρ2(y)− ρ2(x)
ea|x−y|
γ
ρ1(y)− ρ1(x)
}
.
Hene
θD(ρ1, ρ2) = log
sup
x 6=y
{
ρ2(x)
ρ1(x)
, e
a|x−y|γρ2(y)−ρ2(x)
ea|x−y|
γ
ρ1(y)−ρ1(x)
}
inf
x 6=y
{
ρ2(x)
ρ1(x)
, e
a|x−y|γρ2(y)−ρ2(x)
ea|x−y|
γ
ρ1(y)−ρ1(x)
}
is the projetive metri on D(a, γ).
Lemma 2. There exists a number λ0 < 1 suh that
i) Uε : D(aγ)→ D(λγa, γ),
ii) if ρ1, ρ2 ∈ D(a, γ) then θD(Uερ1,Uερ2) ≤ λ0θD(ρ1, ρ2).
Proof. i) We show that if ρ ∈ D(a, γ), then ρ ◦ fi ∈ D(λγa, γ). Sine
D(λγa, γ) is a one, this implies that Uερ ∈ D(λγa, γ). Clearly,
| log ρ1(fi(x))− log ρ1(fi(y))| ≤ a|fi(x)− fi(y)|γ = λγa|x− y|γ .
It is also lear that ρ ◦ fi > 0. This proves that ρ ◦ fi ∈ D(λγa, γ).
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ii) By Theorem 2 it is suient to show thatD(λa, γ) has nite diameter
in D(a, γ), in order to onlude statement ii). Let ρ1, ρ2 ∈ D(λa, γ). Then
ea|x−y|
γ
ρ2(y)− ρ2(x)
ea|x−y|γρ1(y)− ρ1(x)
≥ ρ2(y)
ρ1(y)
ea|x−y|
γ − eλa|x−y|γ
ea|x−y|γ − e−λa|x−y|γ
≥ ρ2(y)
ρ1(y)
inf
z>1
z − zλ
z − z−λ =
ρ2(y)
ρ1(y)
1− λ
1 + λ
.
Similarly we get
ea|x−y|
γ
ρ2(y)− ρ2(x)
ea|x−y|γρ1(y)− ρ1(x)
≤ ρ2(y)
ρ1(y)
1 + λ
1− λ.
This implies that
θD(ρ1, ρ2) ≤ 2 log 1 + λ
1− λ + log supx∈I
ρ2(x)
ρ1(x)
− log inf
x∈I
ρ2(x)
ρ1(x)
≤ 2 log 1 + λ
1− λ + 2λa|I|
γ = 2 log
1 + λ
1− λ + 2
1+γλa.
By Theorem 2 we an take λ0 = tanh
(
1
2 log
1+λ
1−λ + 2
γ−1λa
)
. 
We will now use the one D(a, γ) to dene a one E(a, b, γ) on whih we
will let Lε operate. Let
E(a, b, γ) =
{
φ is bounded :
∫
I
φρdm > 0 for all ρ ∈ D(a, γ),
and
∣∣∣∣log
∫
I
φρ1 dm∫
I
ρ1 dm
− log
∫
I
φρ2 dm∫
I
ρ2 dm
∣∣∣∣ < bθ(ρ1, ρ2)
}
.
Note that φ ∈ E(a, b, γ) does not need to be positive. The set E(a, b, γ) is a
onvex one aording to the following lemma.
Lemma 3. E(a, b, γ) is a onvex one and (−E(a, b, γ)) ∩ E(a, b, γ) = {0}.
Proof. If α, β are positive real numbers, φ1, φ2 ∈ E(a, b, γ), and ρ ∈ D(a, γ)
then ∫
(αφ1 + βφ2)ρdm = α
∫
φ1ρdm+ β
∫
φ2ρdm > 0.
Assume that A, a1, a2, b1, b2 are positive numbers suh that
e−A ≤ ai
bi
≤ eA, i = 1, 2.
Assume that a1b2 ≥ a2b1 then
a1 + a2
b1 + b2
b1
a1
=
a1b1 + a2b1
a1b1 + a1b2
≤ 1 ⇒ a1 + a2
b1 + b2
≤ a1
b1
≤ eA,
and
a1 + a2
b1 + b2
b2
a2
=
a1b2 + a2b2
a2b1 + a2b2
≥ 1 ⇒ a1 + a2
b1 + b2
≥ a2
b2
≥ e−A.
This shows that { (a, b) : | log a − log b| ≤ A } is a onvex one. Hene, if
φ1, φ2 ∈ E(a, b, γ), and ρ1, ρ2 ∈ D(a, γ)(a, γ) then∣∣∣∣log
∫
I
(αφ1 + βφ2)ρ1 dm∫
I
ρ1 dm
− log
∫
I
(αφ1 + βφ2)ρ2 dm∫
I
ρ2 dm
∣∣∣∣ ≤ bθD(ρ1, ρ2).
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This shows that E(a, b, γ) is a onvex one.
To show that (−E(a, b, γ)) ∩ E(a, b, γ) = {0}, we will prove that if a
bounded φ is suh that
∫
I
φρdm = 0 for all ρ ∈ D(a, γ), then φ = 0.
Let ψ be γ-Hölder on I. Then
ψ = (ψ+ +B)− (ψ− +B),
where B is a number, and ψ+ and ψ− are non negative funtions suh that
ψ = ψ+ − ψ−. If B is suiently large, then ψ+ +B and ψ− + B are both
in D(a, γ). Hene ∫
I
φψ dm = 0 for all γ-Hölder ψ. Sine C(I) is dense
in L1(I), and C(I) is ontained in the set of γ-Hölder funtions on I, we
onlude that
∫
I
φψ dm = 0 for all bounded ψ. Taking ψ = φ we onlude
that φ = 0 a.e. 
We will nd a formula for the Hilbert metri of the one E(a, b, γ). Reall
that
α(φ1, φ2) = sup{ t > 0 : φ2 − tφ1 ∈ E(a, b, γ) },
β(φ1, φ2) = inf{ s > 0 : sφ1 − φ2 ∈ E(a, b, γ) }.
Assume that
∫
I
ρ1 dm =
∫
I
ρ2 dm = 1. By∫
I
(φ2 − tφ1)ρdm > 0 ⇔ t <
∫
I
φ2ρdm∫
I
φ1ρdm
and
∫
I
(φ2 − tφ1)ρ1 dm∫
I
(φ2 − tφ1)ρ2 dm ≤ e
bθ(ρ1,ρ2) ⇔ t ≤
∫
I
φ2ρ2 dm∫
I
φ1ρ2 dm
ebθ(ρ1,ρ2) −
R
φ2ρ1 dmR
I
φ2ρ2 dm
ebθ(ρ1,ρ2) −
R
I
φ1ρ1 dmR
I
φ1ρ2 dm∫
I
(φ2 − tφ1)ρ1 dm∫
I
(φ2 − tφ1)ρ2 dm ≥ e
−bθ(ρ1,ρ2) ⇔ t ≤
∫
I
φ2ρ1 dm∫
I
φ1ρ1 dm
ebθ(ρ1,ρ2) −
R
φ2ρ2 dmR
I
φ2ρ1 dm
ebθ(ρ1,ρ2) −
R
I
φ1ρ2 dmR
I
φ1ρ1 dm
we get that
αE(φ1, φ2) = inf
{∫
I
φ2ρ1 dm∫
I
φ1ρ1 dm
,
∫
I
φ2ρ2 dm∫
I
φ1ρ2 dm
ebθ(ρ1,ρ2) −
R
φ2ρ1 dmR
I
φ2ρ2 dm
ebθ(ρ1,ρ2) −
R
I
φ1ρ1 dmR
I
φ1ρ2 dm
,
∫
I
φ2ρ1 dm∫
I
φ1ρ1 dm
ebθ(ρ1,ρ2) −
R
φ2ρ2 dmR
I
φ2ρ1 dm
ebθ(ρ1,ρ2) −
R
I
φ1ρ2 dmR
I
φ1ρ1 dm
}
,
where the inmum is over all ρ1 and ρ2 with
∫
I
ρ1 dm =
∫
I
ρ2 dm = 1.
Similarly we get∫
I
(sφ2 − φ1)ρdm > 0 ⇔ s >
∫
I
φ1ρdm∫
I
φ2ρdm
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and∫
I
(sφ2 − φ1)ρ1 dm∫
I
(sφ2 − φ1)ρ2 dm ≤ e
bθ(ρ1,ρ2) ⇔ s ≥
∫
I
φ1ρ2 dm∫
I
φ2ρ2 dm
ebθ(ρ1,ρ2) −
R
φ1ρ1 dmR
I
φ1ρ2 dm
ebθ(ρ1,ρ2) −
R
I
φ2ρ1 dmR
I
φ2ρ2 dm∫
I
(sφ2 − φ1)ρ1 dm∫
I
(sφ2 − φ1)ρ2 dm ≥ e
−bθ(ρ1,ρ2) ⇔ s ≥
∫
I
φ1ρ1 dm∫
I
φ2ρ1 dm
ebθ(ρ1,ρ2) −
R
φ1ρ2 dmR
I
φ1ρ1 dm
ebθ(ρ1,ρ2) −
R
I
φ2ρ2 dmR
I
φ2ρ1 dm
Hene
βE (φ1, φ2) = sup
{∫
I
φ1ρ1 dm∫
I
φ2ρ1 dm
,
∫
I
φ1ρ2 dm∫
I
φ2ρ2 dm
ebθ(ρ1,ρ2) −
R
φ1ρ1 dmR
I
φ1ρ2 dm
ebθ(ρ1,ρ2) −
R
I
φ2ρ1 dmR
I
φ2ρ2 dm
,
∫
I
φ1ρ1 dm∫
I
φ2ρ1 dm
ebθ(ρ1,ρ2) −
R
φ1ρ2 dmR
I
φ1ρ1 dm
ebθ(ρ1,ρ2) −
R
I
φ2ρ2 dmR
I
φ2ρ1 dm
}
,
where the supremum is over all ρ1 and ρ2 with
∫
I
ρ1 dm =
∫
I
ρ2 dm = 1. We
now get θE as θE = log
βE
αE
, but let us not write down the exat formula, as
it would onsume quite some spae.
We will prove the following lemma in a similar way as we did for Lemma 2.
While doing this, we will make use of Lemma 2.
Lemma 4. The diameter of Lε(E(a, b, γ)) is nite in E(a, b, γ), provided that
b >
(
1− tanh(12 log 1+λ1−λ + 2γ−1λa))−1.
Proof. Let ρ1, ρ2 ∈ D(a, γ) and φ ∈ E(a, b, γ). Then∣∣∣∣log
∫
I
ρ1Lεφdm∫
I
ρ1 dm
− log
∫
I
ρ2Lεφdm∫
I
ρ2 dm
∣∣∣∣
=
∣∣∣∣log
∫
I
Uερ1φdm∫
I
ρ1 dm
− log
∫
I
Uερ2φdm∫
I
ρ2 dm
∣∣∣∣
≤
∣∣∣∣log
∫
I
Uερ1φdm∫
I
Uερ1 dm − log
∫
I
Uερ2φdm∫
I
Uερ2 dm
∣∣∣∣
+
∣∣∣∣log
∫
I
Uερ1 dm∫
I
ρ1 dm
− log
∫
I
Uερ2 dm∫
I
ρ2 dm
∣∣∣∣
=
∣∣∣∣log
∫
I
Uερ1φdm∫
I
Uερ1 dm − log
∫
I
Uερ2Lεφdm∫
I
Uερ2 dm
∣∣∣∣+
∣∣∣∣∣log
R
I
Uερ1 dmR
I
Uερ2 dm
R
I
ρ1 dmR
I
ρ2 dm
∣∣∣∣∣.
We now observe that
sup
{
ψ1
ψ2
}
≥ ψ1(x)
ψ2(x)
≥ inf
{
ψ1
ψ2
}
⇒ sup
{
ψ1
ψ2
}
≥
∫
I
ψ1 dm∫
I
ψ2 dm
≥ inf
{
ψ1
ψ2
}
holds for all positive funtions ψ1 and ψ2. This implies that
inf
{
ρ1
ρ2
}
sup
{
ρ1
ρ2
} ≤ inf
{
Uερ1
Uερ2
}
sup
{
ρ1
ρ2
} ≤
R
I
Uερ1 dmR
I
Uερ2 dm
R
I
ρ1 dmR
I
ρ2 dm
≤
sup
{
Uερ1
Uερ2
}
inf
{
ρ1
ρ2
} ≤ sup
{
ρ1
ρ2
}
inf
{
ρ1
ρ2
} .
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It follows that ∣∣∣∣∣log
R
I
Uερ1 dmR
I
Uερ2 dm
R
I
ρ1 dmR
I
ρ2 dm
∣∣∣∣∣ ≤ θD(ρ1, ρ2).
Using this, we now get that∣∣∣∣log
∫
I
ρ1Lεφdm∫
I
ρ1 dm
− log
∫
I
ρ2Lεφdm∫
I
ρ2 dm
∣∣∣∣ ≤ bθD(Uερ1,Uερ2) + θD(ρ1, ρ2)
≤ (bλ0 + 1)θD(ρ1, ρ2),
where we used Lemma 2 in the last step. Hene if
∫
I
ρ1 dm =
∫
I
ρ2 dm = 1,
then
(2) e−(bλ0+1)θD(ρ1,ρ2) ≤
∫
I
ρ1Lεφdm∫
I
ρ2Lεφdm
≤ e(bλ0+1)θD(ρ1,ρ2).
We now onsider some of the expressions that our in the expressions for
αE and βE . Let us now hoose b so large that b > bλ0 + 1. From (2) we get
ebθD(ρ1,ρ2) −
R
I
ρ1Lεφ1 dmR
I
ρ2Lεφ1 dm
ebθD(ρ1,ρ2) −
R
I
ρ1Lεφ2 dmR
I
ρ2Lεφ2 dm
≥ e
bθD(ρ1,ρ2) − e(bλ0+1)θD(ρ1,ρ2)
ebθD(ρ1,ρ2) − e−(bλ0+1)θD(ρ1,ρ2)
and
ebθD(ρ1,ρ2) −
R
I
ρ1Lεφ1 dmR
I
ρ2Lεφ1 dm
ebθD(ρ1,ρ2) −
R
I
ρ1Lεφ2 dmR
I
ρ2Lεφ2 dm
≤ e
bθD(ρ1,ρ2) − e−(bλ0+1)θD(ρ1,ρ2)
ebθD(ρ1,ρ2) − e(bλ0+1)θD(ρ1,ρ2) .
Similarly as in the proof of Lemma 2, we then get that
b− 1− bλ0
b+ 1 + bλ0
=
1− 1+bλ0
b
1 + 1+bλ0
b
≤
ebθD(ρ1,ρ2) −
R
I
ρ1Lεφ1 dmR
I
ρ2Lεφ1 dm
ebθD(ρ1,ρ2) −
R
I
ρ1Lεφ2 dmR
I
ρ2Lεφ2 dm
≤ 1 +
1+bλ0
b
1− 1+bλ0
b
=
b+ 1 + bλ0
b− 1− bλ0 .
This shows that
αE(Lεφ1,Lεφ2) ≥ b− 1− bλ0
b+ 1 + bλ0
inf
ρ∈D(a,γ)
∫
ρLεφ2 dm∫
ρLεφ1 dm
and
βE (Lεφ1,Lεφ2) ≤ b+ 1 + bλ0
b− 1− bλ0 supρ∈D(a,γ)
∫
ρLεφ2 dm∫
ρLεφ1 dm.
We therefore have
θE(Lεφ1,Lεφ2) ≤ log
(b+ 1 + bλ0
b− 1− bλ0
)2
sup
ρ1,ρ2∈D(a,γ)
∫
ρ1Lεφ2 dm∫
ρ1Lεφ1 dm
∫
ρ2Lεφ1 dm∫
ρ2Lεφ2 dm
.
It remains to estimate this supremum and show that it is nite.
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Observe rst that 1 is an element in D(a, γ) with ∫
I
1 dm = 1. An estimate
of the diameter of Uε(D(a, γ)) is given in the proof of Lemma 2. Let D be
that number. If
∫
I
ρdm = 1, then∫
I
ρLεφdm =
∫
I
Uερφdm ≤ ebθD(1,Uερ)
∫
I
1φdm ≤ ebD
∫
I
φdm
and ∫
I
ρLεφdm =
∫
I
Uερφdm ≥ e−bθD(1,Uερ)
∫
I
1φdm ≥ e−bD
∫
I
φdm.
This implies that
e−2bD ≤
∫
I
ρ1Lεφdm∫
I
ρ2Lεφdm ≤ e
2bD,
and so
sup
ρ1,ρ2∈D(a,γ)
∫
ρ1Lεφ2 dm∫
ρ1Lεφ1 dm
∫
ρ2Lεφ1 dm∫
ρ2Lεφ2 dm
≤ e4bD.
Finally, we get that
θE(Lε(E(a, b, γ))) ≤ 4bD + 2 log
(b+ 1 + bλ0
b− 1− bλ0
)
= 8b log
1 + λ
1− λ + 2
3+γλab+ 2 log
(
b+ 1 + b tanh
(
1
2 log
1+λ
1−λ + 2
γ−1λa
)
b− 1− b tanh(12 log 1+λ1−λ + 2γ−1λa)
)
,
where we used that D = 2 log 1+λ1−λ + 2
1+γλa and λ0 = tanh
(
1
2 log
1+λ
1−λ +
2γ−1λa
)
. The ondition b > bλ0+1 is equivalent to b >
(
1−tanh(12 log 1+λ1−λ+
2γ−1λa
))−1
. 
Lemma 4 together with Theorem 2, shows that Lε is a ontration in the
one metri. We get the following orollary.
Corollary 1. There is a number λ1 < 1 suh that θE(Lε(φ1),Lε(φ2)) ≤
λ1θE(φ1, φ2) holds for all φ1, φ2 ∈ E(a, b, γ).
7. Invariant measure
We will use Corollary 1 to onstrut the invariant measure of the iterated
funtion system. To do this we will need the following Lemma.
Lemma 5. If (φn)n∈N is a Cauhy sequene in the projetive metri θE of
E(a, b, γ), suh that ∫
I
φn dm = 1, and ψ is any ontinuous funtion on I,
then the sequene
(∫
I
ψφn dm
)
n∈N
is Cauhy.
Proof. Let rst ψ be a funtion in D(a, γ). Then∣∣∣∣
∫
I
ψφm dm−
∫
I
ψφn dm
∣∣∣∣ ≤ supψ
∣∣∣∣∣
∫
I
ψφm dm∫
I
ψφn dm
− 1
∣∣∣∣∣ ≤ supψ
∣∣eθE (φm,φn) − 1∣∣.
As θE(φm, φn)→ 0 when m,n→∞, this shows that
∫
I
ψφn dm is Cauhy.
Now, let ψ be γ-Hölder. Then the funtion ψ + c is in D(a, γ) if c is
suiently large. By what we just proved, it follows that
∫
I
(ψ + c)φn dm is
Cauhy. Sine
∫
I
cφn dm = c for all n, it follows that
∫
I
ψφn dm is Cauhy.
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Let ε > 0. For any ontinuous funtion ψ, we may take a γ-Hölder
ontinuous funtion ψ0 suh that sup |ψ − ψ0| < ε. Then∣∣∣∣
∫
I
ψφm dm−
∫
I
ψφn dm
∣∣∣∣ ≤
∣∣∣∣
∫
I
ψ0φm dm−
∫
I
ψ0φn dm
∣∣∣∣+ 2ε < 3ε
if n and m are suiently large. Hene
∫
I
ψφn dm is Cauhy. 
We now let φn = Lnε1. This is a Cauhy sequene in the metri θE aord-
ing to Corollary 1.
Moreover∫
I
φ1 dm =
∫
I
1 · Lnε 1 dm =
∫
I
Uε1 · 1 dm =
∫
I
1 dm = 1.
Hene µn(ψ) =
∫
I
ψφn dm denes a probability measure. We let µ be the
weak limit of µn as n→∞. This limit exists by Lemma 5.
8. Smooth density
We are now ready to prove that the measure µ is absolutely ontinuous
with respet to Lebesgue measure, with density in C∞. So far, our results
are valid for ε ≥ 0. We now assume that ε > 0.
If ψ if a dierentiable funtion then
d
dx
Uεψ(x) = λUε(ψ′)(x).
Note that the orresponding formula for
d
dxLεψ(x) is more involved beause
of the presens of χfi,t(I) in (1). However if ψ ∈ C10(I), then we have
d
dx
Lεψ(x) = 1
λ
Lε(ψ′)(x).
We then get that∫
I
ψ · (Lnεφ)(k) dm =
1
λkl
∫
I
ψ · Llε(Ln−lε φ)(k) dm
=
1
λkl
∫
I
U lεψ · (Ln−lε φ)(k) dm =
(−1)k
λkl
∫
I
(U lεψ)(k) · Ln−lε φdm,
holds for any φ, ψ and k, l suh that the derivatives exist.
Let t ∈ I and ψt = χ[−1,t]. Then
(3) φ(k−1)n (t)− φ(k−1)n (0) = φ(k−1)n (t) =
∫ t
−1
φ(k)n dm
=
∫
I
ψt · (Lnε 1)(k) dm =
(−1)k
λkl
∫
I
(U lεψt)(k) · Ln−lε 1 dm.
If we let l = k+2, then (U lεψt)(k) is dened, and the rightmost integral in (3)
onverges by Lemma 5. This shows that the density of µ is in C∞. Moreover
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we get
|φ(k−1)n (t)| ≤
∣∣∣∣
∫ t
−1
φ(k)n dm
∣∣∣∣ =
∣∣∣∣ 1λk(k+2)
∫
I
(Uk+2ε ψt)(k) · Ln−k−2ε 1 dm
∣∣∣∣
≤ sup |(U
k+2
ε ψt)
(k)|
λk(k+2)
∫
I
Ln−k−2ε 1 dm =
sup |(Uk+2ε ψt)(k)|
λk(k+2)
.
Let us estimate sup |(Uk+2ε ψt)(k)|. We rst observe that if ψ is ontinuous
then
d
dx
Uεψ(x) = d
dx
n∑
i=1
pi
∫ ε
0
ψ ◦ fi,t(x)h(t) dm
=
d
dx
n∑
i=1
pi
∫ λx+ai+biε
λx+ai
ψ(s)h
(s− λx− ai
bi
) 1
bi
dm
=
n∑
i=1
piλ
bi
(
ψ ◦ fi,ε(x)h(ε) − ψ ◦ fi,0(x)h(0)
)
−
n∑
i=1
piλ
bi
∫ ε
0
ψ ◦ fi,t(x)h′(t) dt.
This implies that
sup
∣∣∣ d
dx
Uεψ(x)
∣∣∣ ≤ n∑
i=1
piλ
bi
sup |ψ|(h(ε) + h(0) + ε sup |h′|).
Writing (Uk+2ε ψt)(k) as
(Uk+2ε ψt)(k)(x) = λ
k(k+1)
2 Uε d
dx
Uε d
dx
Uε · · · d
dx
U2εψt(x),
we an onlude that
sup |Uk+2ε ψt)(k)| ≤ λ
k(k+1)
2
( n∑
i=1
piλ
bi
(h(ε) + h(0) + ε sup |h′|)
)k
sup |U2εψ|
≤ λ k(k+1)2
( n∑
i=1
piλ
bi
(h(ε) + h(0) + ε sup |h′|)
)k
.
This yields
sup |φ(k−1)n | ≤ λ−
k(k+1)
2
( n∑
i=1
pi
bi
(h(ε) + h(0) + ε sup |h′|)
)k
.
If we let φ denote the density of the measure µ, then
sup |φ(k)| ≤ λ− (k+1)(k+2)2
( n∑
i=1
pi
bi
(h(ε) + h(0) + ε sup |h′|)
)k+1
.
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